This paper extends recent work on the control of a formation of spacecraft orbiting about an eccentric reference orbit. The approach uses the equations for periodic relative motion that were previously developed from Lawden's original work. This paper presents fuel/time-optimal algorithms for the low-level station-keeping of one satellite with respect to another satellite in the presence of disturbances. The station-keeping algorithm is optimized by posing it as a linear programming problem. The primary extension of this paper is to present the solution to the linear programming problem using the time-varying linearized dynamics that occur for an eccentric reference orbit. Numerous nonlinear simulations were performed to demonstrate the effectiveness of this overall control approach. The results indicate that, even in the presence of differential J 2 disturbances, our formation flying control approach is very effective, requiring a ∆V = 5-15 mm/s/orbit, depending on the scenario. The simulations also show that Lawden's equations are necessary for determining the desired state for periodic relative motion, but Hill's equations are sufficient for the linear programming control problem. This result is important because using the time-invariant Hill's equations significantly reduces the computational effort required to formulate the linear program.
Introduction
Many future space missions plan to use coordinated microsatellites to form a "virtual satellite bus" that replaces the standard monoliths used today [1] . To achieve these future mission goals, several guidance, navigation, and control challenges must first be addressed. For example, very tight coordination, control, and monitoring of the distributed vehicles in the cluster will be required to achieve the stringent payload pointing requirements for a synthetic aperture radar mission, such as TechSat 21 [2] . Much of the research for cluster dynamic modeling and control has focused on the design of passive apertures, which are (short baseline) periodic formation configurations that provide good, distributed, Earth imaging while reducing the tendency of the vehicles to drift apart [3, 4, 6, 5].
Recent work in [6] presented passive apertures for eccentric orbits that were designed using the timevarying linearized dynamics first developed by Lawden [11, 12, 14, 15] . The results indicate that neglecting reference orbit eccentricity can lead to drift rates of meters per orbit, comparable to the effects of J 2 [6] . For example, the shuttle orbit has an eccentric orbit with e ≈ 0.005, which results in 10's m/day drift depending on the formation baseline. This drift can be eliminated using the initial condition solution for eccentric orbits developed in Ref. [6] . However, disturbances such as differential drag, differential J 2 , etc. will continue to disturb the satellite from the desired periodic path. This paper extends the convex optimization techniques presented in Ref.
[8] to the time-varying linear dynamics of eccentric orbits. This step improves the model of the relative dynamics used in the control design, which should reduce the fuel costs associated with station-keeping. Using the satellite's current error from the desired state and the relative dynamics, the fuel optimal trajectory for returning to the desired state can be determined through the use of linear programming . Nonlinear simulations are performed to demonstrate the effectiveness of the control method presented. The simulations display the fuel savings in using the time-varying dynamics of eccentric orbits instead of the approximations of Hill's equations. The simulations indicate the necessity of using Lawden's equations in determining the desired state for periodic relative motion in eccentric orbits. However, the results show that using Hill's equations in the linear programming control problem results in only a slight increase in fuel cost. This result is significant because using time-varying equations increases the computational effort required to formulate the linear program.
Relative Dynamics in Eccentric Orbits
The following section presents the dynamics for the relative motion of one satellite to a reference satellite on an eccentric orbit. A brief development of the equations of motion appears below, full details are available in Refs. [11, 12, 14, 15, 6] .
Through kinematics the dynamics can be written in a non-inertial reference frame fixed on the formation center [6] . This frame orbits with the formation center. The coordinate system is defined with unit vectors,k x points radially outward from Earth's center andk y is in the intrack direction along increasing true anomaly. This right-handed reference frame is completed withk z , pointing in the out-of-track direction. The formation center, relative position of the satellite, and angular velocity of the orbit are expressed in the local frame as
The linearized relative dynamics of an eccentric orbit can be expressed in terms of relative states [x j , y j , z j ] of each satellite, the radius, R fc and the angular velocity,θ of the formation center. Details of the linearization and change of coordinate system are in Refs. [6, 8] . From [9] , the radius and angular velocity of the formation center are written as
1 + e cos θ andθ = n o (1 + e cos θ)
where n o = p µ/a 3 is the natural frequency of the reference orbit. With these expressions the relative dynamics in elliptic orbits can be written as a function of true anomaly, θ.
The homogenous solutions to the linear timevarying equations are available in literature for various reference frames and variables. The first derivation was provide by Lawden in 1963 [11] and similar results are available from Marec [12] . Carter [14, 15] removed the singularities in previous solutions and provides the basis of the solutions presented here. The solutions can be written in the time domain, but writing the equations as function of the true anomaly, θ, provides a more natural description. This is because both the radius of the orbit and angular velocity are functions of the true anomaly. The transition from time domain to θ-domain requires the following changes to the derivatives(
The form presented in this paper also uses the following change of variables for position,ρ, and velocity,ρ 0 [14] .
ρ * = (1 + e cos θ)ρ;ρ * 0 = (1 + e cos θ)ρ 0 − e sin θρ (4) whereρ = (x, y, z) corresponds to the previous definition of the positions andρ * = (x * , y * , z * ) represents the transformed positions.
There is also a change in the reference frame. In this case,k x * is radially pointing,k y * is perpendicular tok x * , in the direction opposed to the motion, k z * remains out of plane and completes thek y * -k x * -k z * right hand coordinate frame. The homogenous solutions are now
The b i 's are integration constants calculated from the corresponding initial conditions. The additional parameters in the solutions are r = 1 + e cos θ and
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cos E = e + cos θ 1 + e cos θ
where E is the orbit eccentric anomaly and d H is calculated from H(θ 0 ) = 0.
Initialization
Previous work determined initial conditions for periodic motion in eccentric reference orbits for initial true anomaly, θ 0 = 0 [6]. The initial conditions for periodic motion expressed in the θ-domain are
This condition provides a relationship between the initial radial position and in-track velocity for the spacecraft to maintain a periodic motion. Note this velocity is the true anomaly rate of change of the in-track position. The corresponding condition for the time-domain iṡ
As e → 0, Eq. 10 converges to the differential energy condition for Hill's equations,ẏ(0)/x(0) = −2n.
General Initialization
The initialization for periodic motion at other values of θ can also be obtained using Eqns. 5 and 6. For example, consider a spacecraft at some θ d 6 = 0 with current values of the scaled position and velocities
Assuming that these values are not consistent with a periodic solution, they can be modified using Eq. 9. To start, first use Eqns. 5, 6 to define 
where the r i are the appropriate row vectors of coefficients for the b i 's and r i0 is the row vector of coefficients evaluated at θ = 0.
Eq. 9 constrains the relationship between y 0 * (0) and x * (0) which can be rewritten as µ 2 + e 1 + e r 30 − r 40 ¶ B = 0 (13) Note the periodic constraint is equivalent to setting b 2 = 0. To complete the initialization, we assume that x * (θ d ) and y * (θ d ) must be the values provided previously and that only the values of y 0 * (θ d ) and x 0 * (θ d ) can be changed to achieve periodic motion. These assumptions provide three constraints on the four unknowns (the b i 's). The fourth constraint can be developed in a variety of ways, depending on the factors that are most important.
Symmetric Motion For example, one approach would be to constrain the periodic motion so that it is symmetric in-track about the origin. Evaluating the y ? (θ) part of Eq. 5 at θ = 0 and θ = π and setting the average to zero, yields the constraint £
Appending this constraint to the three given previously completely defines the periodic motion.
Fuel Optimal In general, the symmetric initialization requires that both x 
The x 0 * (θ d ) and y 0 * (θ d ) can be written in terms of the b i (Eqn. 11) so the total ∆V can be expressed in terms of the knows and the b i 's. Introducing the slack variables ∆V + and ∆V − for each ∆V, the problem can be written as the linear program:
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and A ineq is an 4×8 matrix of zeros with A 11 = A 22 = A 33 = A 44 = −1 and b ineq is an 4×1 vector of zeros. These inequality constraints force the slack variables to be positive. The LP problem has four variables and nine constraints. The equality constraint satisfies the position constraints in Eqn. 11, the velocity constraints in Eqn. 15, and the periodicity constraint in Eqn. 13. The solution of the LP problem contains the four b i 's and the ∆ v's required to change the initial velocities to the desired velocities for periodic motion.
The LP problem was tested on many different cases, and the solution always resulted in only a change in the in-track velocity to meet the periodicity constraint. The radial velocity remained unchanged from the (potentially random) initial value that was provided to the problem. This suggests the following simple alternative solution.
Velocity Constraint The final formulation simply imposes the constraint that the radial velocity not change from the initial value provided. Thus
be the values provided previously and only y 0 * (θ d ) can be changed by the initialization process. The periodicity constraint in Eq. 13 then provides the fourth constraint:
In this case the constants of integration in the problem are given by
which then completely defines the initialization process for any value of θ
Examples Sample initializations and resulting trajectories are presented in Figs. 1 and 2 . The initializations were determined for θ d = 5
• and θ d = 45
• . The • represents the given initial position. Using the initial conditions determined by the LP initialization approach, the trajectory was propagated for four orbits. Note that there was no noticeable drift in either example. As is clearly shown for the case initialized at θ d = 45
• , the periodic motion is no longer centered about the reference orbit (0, 0).
LP Trajectory Planning and Control
A linear programming trajectory planning approach has recently been developed to design fuel-optimized trajectories and station-keeping control inputs using Hill's equations [8] . This section extends and applies this approach to the time-varying dynamics of eccentric orbits.
The linear time-varying dynamics can be compactly written in the forṁ
where the inputs are now divided into control inputs u and disturbance inputs w. The dynamics can then be discretized using the sampling period, T s . With the inclusion of the desired output and the direct transition matrices, the discrete relative dynamics take the following form [10] (t = kT s )
where x(k) ∈ R n are the states, u(k) ∈ R m are control inputs, and w(k) ∈ R p are the disturbances acting on the system. The vector y(k) ∈ R l are the measured outputs or the variables of interest to the control design. The output y(k) can be calculated using discrete convolution of the form (for k ≥ 1)
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where
Note that if the fleet has a circular reference orbit, then the system matrices (Φ k , Γ k , H k , J k , M k , P k ) will be independent of time and Φ (k−i−1,k) simply corresponds to Φ k−i−1 . Eq. 19 has the simple matrix representation
where H k Φ (k−1,k) Γ 0 is the pulse response of the system which maps the inputs
to the output observed at the k th step.
This plant description, Eq. 20, is the basis of the trajectory and control design using LP. Note that in • . The • represents the initial constrained position.
this case, the index k corresponds to steps in the true anomaly. We find the solution as a function of k and then convert back to the time domain for implementation in the simulations to follow. The conversion from true anomaly to time is straight forward using the relation between true anomaly and eccentric anomaly tan E 2 =
and then using Kepler's Equation to solve for the time r µ a 3 (t − τ ) = E − e sin E
The only additional required information is the time of perigee passage τ .
The general LP problem is to control the spacecraft to a desired terminal relative state after n steps in true anomaly, while minimizing a weighted sum (c j ≥ 0) of the k · k 1 norm of the control inputs by each spacecraft. This standard control problem is given by
T is the fuel used by the j th actuator on the spacecraft. To rewrite this problem as a linear program, two slack variables are introduced that define the positive and negative 5 American Institute of Aeronautics and Astronautics parts of the control input
Using c ij as the weight for the input from the j 
As given in the structure of the problem, the information necessary to complete the control problem are the initial state x 0 , the desired goal y des (n), and the system limitations embedded in the inequality constraints. The LP determines the control inputs for a specified span of true anomaly (time interval) that minimizes the fuel cost, the sum of the inputs, while satisfying the constraints on the trajectory.
Additional constraints to the problem can include: state constraints such as remaining within some tolerance of a specified point defined by an error box, maximum input values (actuator saturation), actuator rate limits, etc. This approach can also include differential disturbances such as drag and linearized forms of the differential J 2 effects (see Ref.
[3] for details on these models). Methods of adding these additional constraints and disturbances are included in Ref. [8] . To complete the low-level control design for station-keeping, the LP is embedded within a real-time optimization control approach that monitors the spacecraft relative positions and velocities, and then redesigns the control input sequence if the vehicle approaches the edge of the error box or a new terminal state is desired [8].
Sample trajectories generated using LP for Lawden's Equations are shown in Figure 3 and Figure 4 . for eccentricity values of e = 0.001 and e = 0.005. Some of the constraints included are: (1) the vehicle positions must remain within the error box at all times, (2) the final position must be within 1 m of the center of the box, and (3) the actuator inputs must not exceed the limits. The trajectories followed using inputs designed using Hill's equations are also plotted for comparison. For eccentricity of 0.001 the error in using a circular orbit reference (i.e. Hill's equations) results in a final position error of approximately 0.2 m. For eccentricity = 0.005 the final position error is ≈2 m.
Simulations
Several nonlinear simulations were performed using FreeFlyer TM orbit simulator [7] in order to demonstrate the effectiveness of the LP control method 6 American Institute of Aeronautics and Astronautics and determine the effect of eccentricity error on the fuel use for satellite station-keeping. The simulations have two satellites with a 100 m separation that are initialized for periodic motion using Eq. 9 or Eq. 10. The FreeFlyer TM orbit simulator propagates the absolute states of both satellites. The simulator allows the option of including or excluding disturbances such as drag, lift, solar radiation pressure, and J 2 . The simulator software interfaces with MATLAB TM , which is where the control calculations are performed.
The states of the two satellite are first converted from the ECI frame to the local reference frame described earlier. The desired relative state of the second satellite is then determined based on the formation center's (the other satellite in the simulations) true anomaly, eccentricity, and semi-major axis. These calculations use the homogenous solutions to the relative dynamics in Eqs. 5 and 6. This desired relative state is differenced with the satellites true relative state to give the current error state. An error box is centered on the desired position and used to determine if control action is required. The size of the error box is determined by the position tolerances permitted for the mission objective. Based on the position tolerance of 10% of the baseline ( then the control inputs are calculated (using an LP) to determine the fuel optimal trajectory and control inputs to return the satellite to the center of the error box in a specified time interval. During maneuvers, the satellite thrusters are restricted to provide a maximum acceleration of 0.003 m/s 2 and a minimum of 5 × 10 −6 m/s 2 . The maximum thrust corresponds to turning on the thruster for the full time step. The minimum thrust is determined from a minimum impulse bit of 10 msec during the time step. The control inputs, if required, are converted to small displacements and velocity changes using the time changing dynamics. These relative state variables are transformed back to the ECI frame and are added to the absolute state vector of the satellite after the force-free propagation is performed by the FreeFlyer TM software. The result is a real-time linear control in a nonlinear simulation environment.
Simulation #1 : Figures 5 -9
The first group of simulations demonstrate the effectiveness of the control using Lawden's time varying equations of motion and the corresponding conditions for periodic motion in eccentric orbits. The satellites are in an approximately 90 minute orbit and the eccentricity is increased from 0 to 0.01. The same simulations were performed once using Hill's equations of motion and corresponding initial conditions and once using Lawden's equations of motion and initial conditions to show how the error in as-7 American Institute of Aeronautics and Astronautics In order to clearly examine the effect of eccentricity modeling error on the LP control and fuel use for station keeping, only the differential drag disturbances are implemented in the FreeFlyer TM simulation, other disturbances such as J 2 effects and solar radiation pressure are not implemented. The J 2 and other disturbances are disabled in the FreeFlyer TM simulations because the dynamics in the LP do not account for these disturbances. J 2 also effects the eccentricity which would cause an additional disturbance to the controller which is not the focus of these simulations. For each simulation, the satellite begins in the center of the error box and drifts to the edge due to a differential drag. When the satellite nears the edge, a series of control inputs are determined that would move the satellite to within 1 m of the center of the error box and reduce the velocity error to within 0.5 mm/s. The LP plan interval is half an orbit (45 min) and the satellite is constrained to remain inside the error box during the plan interval. Figures 5 and 6 show the motion of the satellite within the error box for a reference orbit with e ≈ 0. There is little difference between the two, which is as would be expected (in the limit as e → 0, Lawden's equations return to Hill's equations). The fuel cost is also approximately the same (6.548 mm/s/orbit using Hill's and 6.530 mm/s/orbit using Lawden's). The fuel cost includes fuel used in the radial, intrack, and crosstrack directions, however the crosstrack fuel cost was zero for this simulation. Figures 7 and 8 show the error box motion for a reference orbit with e = 0.01. The fuel cost was 107.5 mm/s per orbit using Hill's and 9.481 mm/s per orbit using Lawden's equations, which is a drastic difference. Again, the crosstrack fuel cost was zero. Clearly Hill's equations are no longer appropriate because the orbit is not circular, and this is confirmed by the inability of the control to return the satellite to the center of the error box. However, Lawden's equations are still effective. The difference in motion between Figure 6 and Figure 8 is due to the difference in drag in an elliptical orbit. For the case e = 0, a constant model for the drag is reasonable because the altitude of the satellite does not vary much. For e > 0 the altitude varies, so the drag in the simulation is not constant. An improved model of the drag could be implemented in the LP to correct this error. The fuel cost versus eccentricity is summarized in Figure 9 . The three cases included in the plot are: As shown in the plot, using Hill's initial conditions to determine the desired state leads to an increased fuel cost, even for very small values of the reference orbit eccentricity. However, these results also indicate that using Hill's equations in the LP does not significantly increase the fuel cost much if e is small (e < 0.01). This observation is important because the LP using Lawden's equations requires a discretization of the time-varying dynamics at every step in true anomaly considered in the LP. This tends to dramatically increase the amount of computation required to set up the LP optimization, although the LP size does not change, so computation time for solving the LP does not increase. With Hill's equations, the matrices are constant and need only be formed once. However as the eccentricity becomes larger, the trajectories designed using Hill's in the LP becomes less effective and the fuel cost will be larger than the LP using Lawden's dynamics. This was demonstrated in Figures 3, 4.
Simulation #2 : Table 1 To further examine the difference between using Lawden's versus Hill's dynamics in the LP, simulations were performed with increasing plan horizon in the LP. A reference orbit with e = 0.005 was used in these simulations. Table 1 contains average fuel costs for increasing plan horizons using Lawden's and Hill's equations. The fuel cost using either form of dynamics decreases with increasing plan horizon because the longer plan time allows smaller control inputs and takes advantage of the nonlinear motion to increase "drift" time between control inputs. Using Hill's equations rather than Lawden's results in only a slight increase in fuel cost as the plan horizon increases. The time-invarient Hill's equations, however, result in decreased computation time in the LP formulation as mentioned before. The increase in fuel cost for Hill's is due to using control inputs based on dynamics with errors that add up at each time step. To test the true performance of the controller, the following simulations include all disturbances, differential drag, lift, solar radiation pressure, J 2 , etc. The duration of the simulation is two days which is long enough to observe the effects of J 2 on the controller. The disturbance effects are set for what is believed to be a worst case scenario in that the drift due to differential drag and the drift due to J 2 are in the same direction. The differential drag could be set such that the drift partially cancels the drift due to J 2 , however this was not done in the following simulations. The controller uses Lawden's equations for desired state determination as well as for the dynamics in the LP. The first simulation is for a reference orbit with e = 0.005. The average fuel cost is 8.241 mm/s/orbit. This fuel cost includes the cost to control the crosstrack perturbations caused by J 2 . Using Lawden's equations results in only a slight increase in fuel cost with all disturbances included. The motion of the satellite within the error box is shown in Figure 10 and the fuel cost is shown in Figure 11 . For comparison, control using Hill's equations results in a fuel cost of ≈ 300 mm/s/orbit, which is clearly not acceptable.
A simulation with e = 0.5 was also performed. For the orbit to be feasible the semi-major axis was increased to 14000 km, which results in ≈ 275 minute orbit. The error box motion is shown in Figure 12 9 American Institute of Aeronautics and Astronautics and the average fuel cost was 11.812 mm/s per orbit. The fuel cost is plotted in Figure 13 .
These simulations show that even in the presence of J 2 , the control is effective. J 2 causes short and long period oscillations in the eccentricity [16] . For low eccentricity these oscillations dominate and are on the order of 0.001 which was shown earlier to cause an increase in fuel cost when using Hill's instead of Lawden's equations of motion. By using Lawden's equations in the LP formulation, the osculating eccentricity could easily be included in the dynamics for the trajectory planning, capturing some of the effects of J 2 in the dynamics.
Conclusions
Formation flying is an enabling technology for many future science missions. Previous work has focused on the design and control of passive apertures based on a circular reference orbit. Extending the design and control to eccentric orbits provides many new advantages. Operation advantages include longer operating times in particular regions of interest and increased useful observation time by decreasing the occlusion time of the Earth. This paper presents the relative dynamics of satellites in eccentric orbits as well as conditions for periodic motion in these orbits. The paper extends the LP control strategy from the time-invariant lin- for eccentric orbits. The control design was tested using nonlinear simulations. The simulations show an increased fuel cost when assuming a circular reference orbit for an actual reference orbit with eccentricity as low as 0.001. The key to successful control in eccentric orbits is in the determination of the desired state to maintain periodic motion. Using Hill's equations to determine the desired state results in controlling to a state that does not result in periodic motion thus drastically increasing fuel cost. Further reduction in fuel cost can be achieved by including the time-varying dynamics in the LP control determination, however this increases computation time in the formulation of the LP. The control was successfully demonstrated for orbit eccentricities from ≈ 0 to 0.5 with all disturbances included (differential drag, lift, solar radiation pressure, J 2 ) with only a small increase in fuel cost. Semimajor axis 14000 km. The average fuel cost is 11.812 mm/s/orbit.
